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Abstract
We prove a Torelli theorem for the parabolic Deligne-Hitchin moduli
space, and compare it with previous Torelli theorems for non-parabolic
Deligne-Hitchin moduli spaces.

1

Introduction

Let X be a smooth projective complex curve. The classical Torelli theorem says
that we can recover the isomorphism class of the curve from the isomorphism class
of the Jacobian J(X) (which we think of as the moduli space of degree 0 line bundles on X) with the standard polarization Θ(X). In other words, if (J(X), Θ(X))
is isomorphic to (J(X 0 ), Θ(X 0 )) as polarized varieties, then there is an isomorphism between X and X 0 . This has been generalized for other moduli spaces.
A theorem which asserts that we can recover the curve X from the isomorphism
class of some moduli space is called a Torelli theorem.
For instance, a Torelli theorem is known for the moduli space of semistable
vector bundles with fixed determinant on X [Tj, NR, MN, KP]. For the moduli
space of Higgs bundles, the Torelli theorem was proved in [BG]. In the case of
the moduli space of parabolic bundles and parabolic Higgs bundles we recover the
curve with the parabolic points [BBB, BHK, GL, BGL].
Deligne [De] has given a glueing construction of the twistor space of the moduli
space of Higgs bundles [Hi2, §9], and this complex analytic space is called the
Deligne-Hitchin moduli space (see [Si3] for the description).
In [BGHL] a Torelli theorem for the Deligne-Hitchin moduli space is proved (it
should be noted that in [BGHL] we fix the determinant of the underlying vector
bundle to be trivial, so the structure group is SL(r, C), but in [Si3] only the degree
is fixed, so the structure group is GL(r, C)).
In [BGH], Deligne glueing is used to construct a Deligne-Hitchin moduli space
for a semisimple structure group and a Torelli type theorem is proved for it.
In this talk we report on the work [AG], where we prove a Torelli theorem
for the Deligne-Hitchin moduli space for parabolic vector bundles, which is constructed using Deligne glueing. The detailed constructions and proofs (sometimes
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with more generality) can be found in the original paper [AG]. The aim here is
to highlight the main ideas and to explain the similarities and differences with
[BGHL] and [BGH].
The theorem we are going to prove is (see next section for the definition of the
Deligne-Hitchin moduli space)
Theorem 1.1. Fix a genus g ≥ 3, a number of points n ≥ 1, and a rank r ≥ 2.
Let X and X 0 be smooth complex projective curves of genus g, and D ⊂ X,
0
D0 ⊂ X 0 divisors consisting of n distinct points. Let
of weights
P α and α be systems
P
satisfying the conditions in Remark 2.1. Assume x∈D β(x) and x0 ∈D0 β 0 (x0 ) are
coprime to r.
If r = 2 and the parabolic Deligne-Hitchin moduli spaces are isomorphic as
analytic varieties
MDH (X, r, α) ∼
= MDH (X 0 , r, α0 )
then (X 0 , D0 ) is isomorphic to either (X, D) or (X, D).
We remark that the condition r = 2 is imposed because we use [BBB]. The
situation is the following: the moduli spaces of parabolic Higgs bundles
M(X, r, α, ξ) and M(X, r, −α, ξ)
P
with ξ = OX (− x∈D β(x) · x) embed into the parabolic Deligne-Hitchin moduli
space. We show (for arbitrary r) that we can recover the images of these embeddings just from the isomorphism class of the parabolic Deligne-Hitchin moduli
space. Then we apply the Torelli theorem for parabolic vector bundles [BBB]
(which requires r = 2) to obtain our Torelli theorem. Therefore, if the result
of [BBB] were generalized to arbitrary r, we would automatically get a Torelli
theorem for parabolic Deligne-Hitchin moduli spaces for arbitrary rank r.
Acknowledgments. Besides GEOQUANT 2015, this work was also presented
in the conference “NS@50: Fifty Years of the Narasimhan-Seshadri Theorem”
(Chennai Mathematical Institute, October 2015). We thank the organizers and
participants of both conferences, for the invitation to present our work, and for
the stimulating atmosphere. We thank Indranil Biswas for discussions. This research was funded by MINECO (grant MTM2013-42135-P and ICMAT Severo
Ochoa project SEV-2015-0554) and the 7th European Union Framework Programme (Marie Curie IRSES grant 612534 project MODULI). The first author
was also supported by a predoctoral grant from Fundación La Caixa – Severo
Ochoa International Ph.D. Program.
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Parabolic Deligne-Hitchin moduli space

In this section we recall some basic definitions and the constructions of the moduli
spaces involved. Let X be a smooth projective complex curve, and let D be a
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divisor consisting of n ≥ 1 distinct points (these are called the parabolic points). A
parabolic vector bundle on X is a holomorphic vector bundle E or rank r endowed
with a weighted filtration of the fiber Ex over each parabolic point x ∈ D:
Ex = Ex,1 ) Ex,2 ) · · · ) Ex,lx ) Ex,lx +1 = 0
0 ≤ α1 (x) < α2 (x) < · · · < αlx (x) < 1 .
We say that αi (x) is the weight associated to Ex,i . In this article we will assume
that the filtrations are full flags, i.e., lx = r for all parabolic points x.
Let (E, E• ) be a parabolic vector bundle. We define its parabolic degree to be
(2.1)

pardeg(E, E• ) = deg(E) +

r
XX

αi (x) .

x∈D i=1

Let F ⊂ E be a subbundle. There is a parabolic structure induced on F as follows.
For each parabolic point x ∈ X we obtain a filtration Fx,i of Fx by looking at the
intersections Fx ∩ Ex,j for all j. The weight βi (x) of Fx,i is defined as
βi (x) = max{αj (x) : Fx ∩ Ex,j = Fx,i } .
j

We say that a parabolic bundle (E, E• ) is stable (respectively, semistable) if for
all proper parabolic subbundles F ( E, with the induced parabolic structure,
pardeg(F, F• ) < pardeg(E, E• )

(respectively, ≤) .

Let M(X, r, α, ξ) (or M(r, α, ξ), or just M, if the rest of the data is clear from
the context) be the moduli space of semistable parabolic vector bundles on X of
rank r, weights α and fixed determinant isomorphic to the line bundle ξ. It is
projective of dimension
dim M(X, r, α, ξ) = (r2 − 1)(g − 1) +

n(r2 − r)
.
2

Remark 2.1. We will assume the following conditions throughout the article
1. The weights are generic (see [AG] for the explicit meaning of generic in our
situation), and the filtrations are full flags.
2. The weights are “concentrated”, meaning that αr (x) − α1 (x) <
parabolic points x ∈ D.

4
nr2

for all

3. For each parabolic point the sum of the weights is an integer, i.e., for all
parabolic points x ∈ D
β(x) :=

r
X
i=1

αi (x) ∈ Z .
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4. The degree of ξ (the determinant of the vector bundles E) and the rank r
are coprime.
Proposition 2.2. Under the above assumptions, there are no strictly semistable
parabolic vector bundles with respect the the weights α, the moduli space
M(X, r, α, ξ)
is smooth, projective and parameterizes stable parabolic bundles. Furthermore, if
(E, E• ) is a parabolic vector bundle, then it is stable as a vector bundle if and only
if it is stable as a parabolic vector bundle.
For the proof, see [AG]. Recall that, as the rank and degree are coprime, no
vector bundle is strictly semistable as a vector bundle.
A strongly parabolic Higgs bundle is a parabolic vector bundle (E, E• ) together
with a homomorphism, called Higgs field,
Φ : E −→ E ⊗ K(D)
such that, for all parabolic points x ∈ D, the homomorphism induced in the fiber
satisfies
Φ(Ex,i ) ⊂ Ex,i+1 ⊗ K(D)|x
where K is the canonical line bundle of the curve X. A weakly parabolic Higgs
bundle is defined analogously, but requiring the weaker condition
Φ(Ex,i ) ⊂ Ex,i ⊗ K(D)|x .
Unless otherwise stated, all Higgs fields will be strongly parabolic.
A subbundle F ⊂ E is called Φ-invariant if Φ(F ) ⊂ F ⊗ K(D). We say
that a parabolic Higgs bundle (E, E• , Φ) is stable (respectively, semistable) if the
inequality (2.1) holds for all proper Φ-invariant subbundles.
Let MHiggs (X, r, α, ξ) (or just MHiggs if the rest of the data is clear from the
context) be the moduli space of semistable parabolic Higgs bundles on X of rank
r, weights α, fixed determinant isomorphic to the line bundle ξ, and tr Φ = 0.
Recall that we are assuming that the weights are generic. This implies that there
are no strictly semistable parabolic Higgs bundles, and that this moduli space is
smooth. Its dimension is
dim MHiggs (X, r, α, ξ) = 2(r2 − 1)(g − 1) + n(r2 − r) .
The cotangent space of M(r, α, ξ) sits inside this moduli space as an open subset
(2.2)

T ∗ M(X, r, α, ξ) ⊂ MHiggs (X, r, α, ξ) .

This open subset consists of the parabolic Higgs bundles whose underlying parabolic bundle is stable. The complement consists of parabolic Higgs bundles which
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are stable as a parabolic Higgs bundle, but whose underlying parabolic bundle is
unstable.
To see (2.2), note that the tangent space to a point (E, E• ) is
H 1 (X, ParEnd0 (E, E• )) ,
the first cohomology of the sheaf of traceless weakly parabolic endomorphisms
(the traceless condition comes from the fact that the determinant is fixed). By
Serre duality
H 1 (X, ParEnd0 (E, E• ))∗ ∼
= H 0 (X, SParEnd0 (E, E• ) ⊗ K(D)) ,
the space of strongly parabolic Higgs fields with tr Φ = 0, and any such Higgs
bundle is stable because the underlying parabolic vector bundle is stable. This
explains why it is natural to require that the Higgs field is traceless and strongly
parabolic (as opposed to weakly parabolic).
The moduli space of parabolic Higgs bundles is endowed with a C∗ -action
which, for each t ∈ C∗ , sends (E, E• , Φ) to (E, E• , tΦ). This is compatible, using
(2.2), with scalar multiplication on the cotangent bundle of M(X, r, α, ξ).
We now recall the definition of the Hitchin map and spectral curves in this
setting. Denote by S the total space of the line bundle K(D), let
p : S = Spec Sym• (K(D))∗ −→ X
be the projection and let x ∈ H 0 (S, p∗ K(D)) be the tautological section. Taking
the characteristic polynomial of a Higgs field
det(x · id − p∗ Φ) = xr + se1 xr−1 + se2 xr−2 + · · · + ser
we obtain sections sei ∈ H 0 (S, p∗ K i Di ) and it can be shown that these come from
sections on X, i.e., there are sections si ∈ H 0 (X, K i Di ) such that p∗ si = sei .
Recall that we are assuming that Φ is strongly parabolic. Then the residue at
each parabolic point is nilpotent and hence the eigenvalues of Φ vanish at the divisor D. Therefore, for each i the section si belongs to the subspace H 0 (X, K i Di−1 ),
where we use the shorthand K i Dj = K i ⊗ OX (D)j .
Furthermore, we are assuming that the trace of Φ is identically zero, so s1 = 0.
We then define the Hitchin space as
(2.3)

H0 = H 0 (X, K 2 D) ⊕ · · · ⊕ H 0 (X, K r Dr−1 ) .

The Hitchin map is defined by taking the characteristic polynomial of the Higgs
field, i.e., to each Higgs field Φ we associate the point in the Hitchin space defined
by the elements si , 2 ≤ i ≤ r defined above
H : MHiggs (r, α, ξ) −→ H0 .
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This map is projective with connected fibers.
From now on we will assume
 X

ξ = OX −
β(x) · x
x∈D

so that the parabolic degree of our vector bundles will be zero (recall that β(x) is
an integer because of the assumptions in Remark 2.1).
Deligne introduced the notion of λ-connection (λ ∈ C) which interpolates
between Higgs bundles and usual connections: if λ = 0 we get a Higgs bundle,
and if λ = 1 we get a usual connection.
Definition 2.3. Let (E, E• ) be a parabolic bundle with an isomorphism det(E) ∼
=
ξ. A λ-connection, for the group SL(r, C), on X is a triple (E, E• , ∇) where ∇ is
a C-linear homomorphism
∇ : E −→ E ⊗ K(D)
such that
1. (Leibniz) If f is a holomorphic function and s is a holomorphic section of E
(both over some open set of X),
∇(f s) = f ∇(s) + λs ⊗ df .
2. For each parabolic point x ∈ D the residue satisfies
Resx (∇)(Ex,i ) ⊆ Ex,i .
3. For each parabolic point x ∈ D, the action of the residue of ∇ on Ex,i /Ex,i+1
is multiplication by λαi (x) (this is well defined because the residue preserves
the filtration by the previous property).
4. The operator tr(∇) : det(E) −→ det(E) ⊗ K(D) induced by ∇ coincides
with λ∇ξ,β (defined below).
A parabolic vector bundle (E, E• ) induces
Pra parabolic structure on the determinant ξ = det(E), with weights β(x) = i=1 αi (x), and using the correspondence between parabolic bundles of parabolic degree 0 and connections, this gives
a connection on ξ (with poles along D) which we denote ∇ξ,β .
A subbundle F ⊂ E is called ∇-invariant if ∇(F ) ⊂ F ⊗ K(D). We say that
a λ-connection is stable (respectively, semistable) if the inequality (2.1) holds for
all proper ∇-invariant parabolic subbundles.
Let MHodge (X, r, α, ξ) (or just MHodge if the rest of the data is clear from the
context) be the moduli space of tuples (λ, E, E• , ∇) where ∇ is a semistable λconnection (these objects are called parabolic Hodge bundles). It has a projection
(2.4)

prλ : MHodge (X, r, α, ξ) −→ C .
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Note that, if λ = 0, then a λ-connection is just a Higgs bundle, so we have
pr−1
λ (0) = MHiggs (X, r, α, ξ) .
The Hodge moduli space is endowed with a C∗ -action which, for each t ∈ C∗ ,
sends
(2.5)

(λ, E, E• , ∇) 7→ (tλ, E, E• , t∇) .

This extends the standard C∗ -action on the moduli space of parabolic Higgs bundles, and the projection prλ is equivariant, using the standard scalar multiplication
on C.
On the other hand, if λ = 1, then a λ-connection is a holomorphic flat connection on a parabolic vector bundle, i.e., a logarithmic connection such that the
residue over each parabolic point x acts on Ex,i /Ex,i+1 as αi (x). Therefore, the
fiber over λ = 1 is the moduli space of parabolic SL(r, C) connections
pr−1
λ (1) = Mconn (X, r, α, ξ) .
If ∇ is a λ-connection with λ 6= 0, then (1/λ)∇ is a usual connection, so the fiber
of prλ over any λ 6= 0 is isomorphic to the moduli space of parabolic connections
(i.e., meromorphic connections which respect the parabolic filtration). Therefore,
the Hodge moduli space shows that the moduli space of Higgs bundles is a degeneration of the moduli space of connections (or, equivalently, the moduli space of
connections is a deformation of the moduli space of Higgs bundles).
Now we are going to describe Deligne’s glueing in the parabolic setting. Let XR
be the real manifold underlying X with the orientation induced by the complex
structure. Fix a base point x0 and a positively oriented simple loop
γx ∈ π1 (XR \ D, x0 )
around each parabolic point x ∈ D. Let Mrep (XR , r, α) be the set of irreducible
representations
ρ : π1 (XR \ D, x0 ) −→ SL(r, C)
of the fundamental group, up to conjugation by SL(r, C), such that, for each
parabolic point x ∈ D, the eigenvalues of ρ(γx ) are {e−2πiαi (x) }. Note that, since
the sum of the weights for each parabolic point is an integer, the determinant of
ρ(γx ) is 1.
Simpson [Si1] has given a Riemann-Hilbert correspondence between stable
parabolic connections of parabolic degree 0 and stable filtered local systems of
degree 0 for the general linear group GL(n, C). It has a version for our setting (the
group is SL(r, C) and the eigenvalues of the monodromies around the parabolic
points are fixed by the weights α as above) which gives a biholomorphism
(2.6)

∼
=

RHX : Mrep (XR , r, α) −→ Mconn (X, r, α, ξ) .
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Using this biholomorphism and the action (2.5) we obtain a holomorphic open
embedding
(2.7)

C∗ × Mrep (XR , r, α) ,→ MHodge (X, r, α, ξ)
(t, ρ) 7→ (t, t · RHX (ρ))

∗
onto the open locus pr−1
λ (C ) ⊂ MHodge (X, r, α, ξ).
Let JR be the almost complex structure on XR coming from X. Then −JR
is also an almost complex structure on XR whose corresponding Riemann surface
will be denoted by X. Let ξ be the line bundle on X given by the complex
structure conjugate to ξ. As a topological line bundle, it is isomorphic to ξ −1 .
Note that the underlying manifold X R to X is the same as XR but the induced
orientation is the opposite. Therefore, if we consider the same loops γx defined
above, we can identify

Mrep (XR , r, α) = Mrep (X R , r, −α) .
We will also use the Riemann-Hilbert isomorphism for X
∼
=

RHX : Mrep (X R , r, −α) −→ Mconn (X, r, −α, ξ) .
The parabolic Deligne-Hitchin moduli space is defined by glueing
MDH (X, r, α) := MHodge (X, r, α, ξ) ∪ MHodge (X, r, −α, ξ)
along the image of C∗ × Mrep (XR , r, α) = C∗ × Mrep (X R , r, −α) using RHX and
RHX , identifying
(λ, λ · RHX (ρ)) ∈ MHodge (X, r, α, ξ)
with
(λ−1 , λ−1 · RHX (ρ)) ∈ MHodge (X, r, −α, ξ) .
The projection prλ in (2.4) extends to a morphism to P1 which we denote by the
same letter
prλ : MDH (X, r, α) −→ P1 .
This moduli space will be denoted MDH if the rest of the data is clear from
the context. It is clear, staring at the definition, that there is a holomorphic
isomorphism,
(2.8)

MDH (X, r, α) ∼
= MDH (X, r, −α)

covering the antipodal map on P1 . Because of this isomorphism, we cannot expect to recover the isomorphism class of (X, D), but only the unordered pair
{(X, D), (X, D)}.
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Torelli theorem

Taking the Higgs field to be zero, we have an embedding of the moduli space of
parabolic vector bundles in the moduli space of parabolic Higgs bundles. Furthermore, a Higgs bundle is the same thing as a 0-connection, so we also have an
embedding into the Hodge moduli space. Finally, the Hodge moduli space is an
open subset of the Deligne-Hitchin moduli space, so we have an embedding
(3.1)

M(X, r, α, ξ) ⊂ MDH (X, r, α)

Note that the image of this embedding sits on the fiber over λ = 0. By definition,
MHodge (X, r, −α, ξ) is also an open subset of MDH (X, r, α), so we also have an
embedding
(3.2)

M(X, r, −α, ξ) ⊂ MDH (X, r, α)

and the image of this embedding sits over λ = ∞ ∈ P1 .
The strategy of the proof is the following. Given the isomorphism class of
MDH (X, r, α) as an analytic variety, we want to identify the image of M(X, r, α, ξ)
under the first embedding. Then we have the isomorphism class of M(X, r, α, ξ),
and we can apply the Torelli theorem [BBB] for the moduli space of parabolic
bundles, in order to recover the isomorphism class of the pointed curve. Unfortunately, the Torelli theorem for parabolic bundles is only known for r = 2, and
this is why we have to restrict our attention to rank 2.
Because of the isomorphism (2.8), we will not be able to distinguish between
the images of (3.1) and (3.2).
The idea of the proof is to look at all vector fields on MDH (X, r, α), i.e.,
sections of its tangent bundle. We look at the analytic subset of this moduli space
defined as the simultaneous zeroes of all vector fields. More precisely, we will
prove the following
Proposition 3.1. Let Z be an irreducible component of
{z ∈ MDH (X, r, α) : η(z) = 0 for all η ∈ H 0 (MDH , T MDH )}
such that
dim Z = dim M(X, r, α, ξ) .
Then Z is the image of one of the embeddings (3.1) and (3.2).
We start by showing that, at most, these two subsets satisfy the condition:
∗

Proposition 3.2. Let Z be an irreducible component of MCDH , the fixed locus of
the standard C∗ -action. Then
dim Z ≤ dim M(X, r, α, ξ)
with equality only for Z the image of the embedding (3.1) or (3.2).
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Proof. Here we use the standard C∗ -action. This produces a vector field which
vanishes at the fixed point locus. The projection prλ is equivariant with respect
to the standard C∗ -action, so the irreducible components of the fixed point locus
of the C∗ -action have to sit in the fibers of λ equal to 0 or ∞. We will first
consider the case λ = 0, so the fixed locus sits in the moduli space of parabolic
Higgs bundles. The Hitchin map is equivariant with respect to the C∗ -action on
the parabolic Higgs moduli, so the fixed locus has to sit in H −1 (0), which is called
the nilpotent cone.
The nilpotent cone is equidimensional of dimension dim M(X, r, α, ξ). Exactly
one of its components is the moduli space of parabolic bundles M(X, r, α, ξ), and
this is a fixed locus of the standard C∗ -action. The standard C∗ -action is nontrivial
on the other components (by an argument similar to [Si2, Lemma 11.9]). We
remark that the other fixed locus subvarieties correspond to variations of Hodge
structures.
The case λ = ∞ is the same, but looking at the moduli space of parabolic
Higgs bundles on X.
In [BGHL] the same proof was used. In [BGH] we do not have at our disposal an analogue of [Si2, Lemma 11.9], and the proof is based on a study of the
infinitesimal deformations of the points fixed by the standard C∗ -action.
Now we show the opposite direction, i.e., we show that the images of these
embeddings do satisfy the condition. We would like to show that all global vector
fields vanish at M, and we will do this by showing the stronger condition
H 0 (M(X, r, α, ξ), T MDH (X, r, α)|M(X,r,α,ξ) ) = 0 .
This will be proved in several steps.
Lemma 3.3. The holomorphic cotangent bundle
T ∗ M(X, r, α, ξ) −→ M(X, r, α, ξ)
does not admit any nonzero holomorphic section.
Proof. Since we are assuming full flags, it is known that M(X, r, α, ξ) is rational
[BY, Theorem 6.1], and it is well-known that a smooth rational projective variety
does not admit nonzero holomorphic 1-forms.
In [BGHL] this is Lemma 2.1, and it was proved using the Hecke transform.
The point is that, in the setting of [BGHL], we are looking at differentials (1forms) on the moduli space of vector bundles with trivial determinant, which
is not smooth. By doing a Hecke transform, we relate it to the moduli space
of vector bundles with fixed determinant OX (x0 ) for a fixed point x0 . This is a
smooth unirational projective variety [Se, p. 53], so it does not admit any nonzero
holomorphic 1-form. An argument using the Hecke correspondence shows that the
same holds for the moduli space of vector bundles with trivial determinant.
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In [BGH] this is Proposition 4.2, and it was proved using “abelianization”.
By fixing a spectral curve, we obtained a dominant rational map from an abelian
variety to the moduli space of bundles. Using this map, a holomorphic 1-form ω
on the moduli space would give a rational 1-form on the abelian variety which,
by a codimension argument, is shown to be defined on the whole abelian variety.
Any 1-form on an abelian variety is closed, so ω is closed, but the first cohomology
of the moduli space is zero [AB, Ch. 10], so ω = df for a holomorphic function
on the moduli space, but since this is projective, f is constant, so ω = 0.
Lemma 3.4. The holomorphic tangent bundle
T M(X, r, α, ξ) −→ M(X, r, α, ξ)
does not admit any nonzero holomorphic section
Proof. We adapt an argument of Hitchin [Hi2, Theorem 6.2]. A section s of the
tangent bundle gives, by contraction, a function on the total space of the cotangent
bundle
s] : T ∗ M(X, r, α, ξ) −→ C
which is linear on the fibers. The total space of the cotangent bundle is an open
subset of the moduli of parabolic Higgs bundles, and the codimension of the
complement is greater than two (here we use a calculation of Faltings [F, Lemma
II.6 and V.(iii), p. 561]), so it extends to a function on the moduli of parabolic
Higgs bundles. This descends, using the Hitchin map, to a function on the Hitchin
space, which is homogeneous of degree 1 with respect to the standard C∗ -action
(because s] is linear on the fibers). But the Hitchin space (2.3) has no linear part,
so this function has to be zero, and hence s = 0.
In [BGHL] this is Lemma 2.2, and the proof is the same. In [BGH] this is
Proposition 4.1, and we use a result of Faltings [F, Corollary III.3].
Corollary 3.5. The tangent bundle to the parabolic Higgs moduli space, restricted
to the moduli space of parabolic bundles, has no nonzero section, i.e.
H 0 (M, T MHiggs |M ) = 0 .
Proof. There is a short exact sequence on M
0 −→ T M −→ T MHiggs |M −→ N −→ 0
where N is the normal of the embedding of M in MHiggs , but N ∼
= T ∗ M because
we have a closed embedding (the zero section) and an open embedding
M ⊂ T ∗ M ⊂ MHiggs .
Now we use Lemmas 3.3 and 3.4.
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s−par
Let Ms−par
Hodge and Mconn be the subsets of MHodge and Mconn where the underlying parabolic bundle is stable as a parabolic bundle. Recall that we are assuming
generic weights, so that Ms−par = M.

Proposition 3.6. The projection
prE : Ms−par
conn −→ M
sending a connection to the underlying parabolic bundle, admits no holomorphic
section.
Proof. Let s be such a section. The parabolic version of the Riemann-Hilbert
correspondence (2.6) gives a biholomorphism between the moduli space of stable
parabolic connections and the moduli space of irreducible representations of the
fundamental group of the open curve, and this moduli space is an affine variety.
Then the section s would give a holomorphic map from the projective variety
M to an affine variety, but this map has to be constant, so the map s does not
exist.
In [BGHL] this is Proposition 3.2. There we remark that the projection prE
is a torsor under the cotangent bundle. A section of prE then gives a nonzero
cohomology class in the first cohomology class of the cotangent bundle, but in the
setting of [BGHL] it is proved that this cohomology group is zero.
In [BGH] this is Proposition 4.4. We remark that the projection prE is isomorphic to the torsor of holomorphic connections on certain determinant line bundle,
but this line bundle is ample, so it does not admit holomorphic connections.
Corollary 3.7. Let
s−par
prE : MHodge
−→ M

be the projection which sends each Hodge bundle to the underlying parabolic bundle.
The only section s of this projection is the standard embedding of M in MHodge .
Proof. The composition of the section s with the projection prλ is a regular function on the projective variety M, hence it is constant which, after scaling with
the C∗ -action, we may assume it is 1 or 0.
It cannot be 1, because the fiber of prλ over 1 is the moduli space of connections, and it would contradict Proposition 3.6.
If it is 0 then, since the fiber of prλ over 0 is the moduli space of parabolic
s−par
, but this is isomorphic to the
Higgs bundles, the section s factors through MHiggs
∗
total space of T M. Then s is a section of this vector bundle and, by Lemma 3.3,
it has to be the zero section.
Corollary 3.8.
H 0 (M(X, r, α, ξ), T MHodge (X, r, α, ξ)|M(X,r,α,ξ) ) = 0
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Proof. Using the short exact sequence on M
s−par
|M −→ N −→ 0
0 −→ T M −→ T MHodge

and Lemma 3.4, it suffices to show that N has no nonzero sections. Note that N is
isomorphic to Ms−par
Hodge as varieties over M, sending (λ, E, E• , ∇) to the derivative
s−par
at t = 0 of the map C −→ MHodge
given by
t 7→ (tλ, E, E• , t∇)
so by Corollary 3.7 we conclude that N has no nonzero section.
We are now ready to prove the main Theorem 1.1.
Corollary 3.8 implies that the images of the embeddings (3.1) and (3.2) are
in the fixed point locus of any C∗ -action on the parabolic Deligne-Hitchin moduli
space (if they were not, the derivative of the action would give vector field whose
restriction to these images is nonzero). This together with Proposition 3.2, shows
that these are the only irreducible components Z with this property having
dim Z = dim M
hence proving Proposition 3.1.
Finally, using Proposition 3.1, from the isomorphism class of the parabolic
Deligne-Hitchin moduli space we recover the isomorphism class of M(X, r, α, ξ)
or M(X, r, −α, ξ). Therefore, assuming r = 2 we can apply [BBB] to finish the
proof of the main Theorem.
The same ideas also give Torelli theorems for MHiggs and MHodge . Indeed, in
these cases we again have an embedding of M, and the image is characterized
as the only irreducible component, with dimension dim M, of the simultaneous
zeroes of the sections of the tangent bundle. See [AG] for details.
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